Abstract : This paper concerns stable stabilizing controllers for a remotely driven acrobot (RDA) moving in a vertical plane, which is a 2-link planar underactuated robot whose second link is remotely driven by an actuator mounted at a fixed base through a timing belt. When only the angle of each link is measurable, first, this paper proves that stable controllers exist for a local stabilization of the upright equilibrium point (with two links in the upright position) of the RDA by using an output with an adjustable parameter. This paper shows the range of the adjustable parameter for the existence of the stable stabilizing controllers for the RDA. Second, this paper presents a second-order (reduced-order) stable controller for stabilizing the upright equilibrium point of the RDA by showing how to choose the adjustable parameter, and provides a third-order (reduced-order) stable stabilizing controller by using an existing design approach. This paper carries out simulation investigations to validate the presented theoretical results and to compare the performance of a second-order stable stabilizing controller with those of a third-order stable stabilizing controller and a fourth-order observer-based stabilizing controller from the perspectives of the attractive region for the local stabilization and the ability against the unmodelled friction dynamics.
Introduction
Studies on underactuated mechanical systems, which possess fewer actuators than degrees of freedom, have received considerable interest in recent years. This class of systems encompasses many interesting robotic devices, ranging from underwater vehicles to legged humanoids with some passive joints; and underactuation is also a consequence of the failure of one or more actuators or an on-purpose "minimalistic" design that avoids the use of full actuation, see e.g., [1] - [3] . One of the important control problems for underactuated robots with passive joint(s) is the set-point control (regulation or stabilization) of a desired equilibrium point of the robots, that is, to find a feedback control law that makes the desired equilibrium point asymptotically stable [4] .
On the other hand, strong stabilization refers to output feedback stabilization of a given linear plant by a stable controller [5] - [10] . It is preferable to use a stable stabilizing controller if possible since control engineers are reluctant to use unstable controllers from the maintenance of control systems [8] . Indeed, as mentioned in [5] that if the stabilizing controller is not stable, then the resulting closed-loop transfer function always has some additional zeros in the closed-right half plane and infinity (denoted as C +e below) beyond those of the plant. Since the C +e -zeros affect its sensitivity to disturbance and its ability to track reference inputs, it is desirable not to introduce, in the process of stabilization, these additional C +e -zeros.
There are a few studies for strong stabilization for underactuated mechanical systems. Regarding the cart-pendulum system [8] (pp. 81-83), Doyle et al. show the existence of stable controllers for locally stabilizing the pendulum at the upright position and the cart to a desired position; however, the design of a stable controller is not provided. In [11] , we study the strong stabilization of 2-link planar underactuated robots moving in a vertical plane called the Pendubot [12] and the directly driven acrobot (DDA) [13] at the upright equilibrium point (UEP), where two links are at the upright position. Indeed, the Pendubot has an actuated first joint and a passive second joint. The DDA has a passive first joint and an actuated second joint, that is, only the relative angle of links 1 and 2 is actuated. In [11] , we prove via a constructive procedure that stable controllers exist for local stabilization of the UEP of each of the two robots by designing a specific output with an adjustable parameter, and we present a design method to obtain explicitly a second-order (reduced-order) stable controller by choosing the adjustable parameter.
Inspired by the results in [11] , this paper concerns stable stabilizing controllers for the remotely driven acrobot (RDA) in [14] , [15] which is another type of the acrobot. Different from the DDA in [13] , the angle of link 2 of the RDA in [14] , [15] is remotely driven by an actuator mounted at a fixed base through a belt. As explained in [14] , it is more difficult to construct a DDA than an RDA. It has been shown in [15] that the DDA and the RDA belong to two different classes of underactuated mechanical systems. This paper shows that stable controllers exist for local stabilization of the UEP of the RDA by using the same output with an adjustable parameter as that in [11] . Indeed, we show the range of the adjustable parameter for the existence of stable controllers for the RDA is the same as that of the DDA.
Regarding the design of stable stabilizing controllers, this paper presents a design method to obtain explicitly a second-order (reduced-order) stable controller by choosing the adjustable parameter. Indeed, we show that the range of the adjustable parameter for designing a second-order controller for the RDA is different from that of the DDA.
For numerical comparison with the second-order stable stabilizing controller, we apply the method in [10] to the linearized model for the RDA with the chosen output to obtain a thirdorder stable stabilizing controller, and we recall the standard result of observer-based stabilizing controller in [16] which is not necessarily stable. We provide simulation results to validate our theoretical results and to compare second-and third-order stable stabilizing controllers, and a fourth-order observer-based unstable controller. We find the second-order stable stabilizing controller presented in this paper has the best control performance from the perspectives of the attractive region for the local stabilization and the ability against unmodelled friction dynamics.
The remainder of the paper is organized as follows: Section 2 recalls some preliminary knowledge about the strong stabilization, the motion equation of a two-link robot, and existing results of stable stabilizing controllers for the Pendubot and the DDA. Section 3 proves constructively the existence of stable stabilizing controllers and presents a second-order stable stabilizing controller. Section 4 provides a third-order stable stabilizing controller and an observer-based stabilizing controller. Section 5 reports simulation results for these three controllers, and Section 6 provides several concluding remarks.
Preliminary Knowledge

Strong Stabilization
Consider the unity-feedback system with block diagram shown in Fig. 1 , where the linear plant P(s) is strictly proper and the linear controller K(s) is proper. The plant P(s) is strongly stabilizable if internal stabilization can be achieved with a stable controller [6] , [8] . We recall the following result from [6] , [8] , where the infinite zero (s = ∞) is included among the real zeros of P(s).
LEMMA 1 P(s)
is strongly stabilizable if and only if it has an even number of real poles between every pair of real zeros in Re [s] ≥ 0.
Motion Equation of Two-Link Robot
Consider a 2-link planar robot with a single actuator having torque τ shown in Fig. 2 . For the ith (i = 1, 2) link, m i is its mass, l i is its length, l ci is the distance from joint i to its center of mass (COM), and I i is the moment of inertia around its COM. We express the motion equation of the robot [13] , [15] , [17] as:
where q = q 1 , q 2 T , and
with g being the acceleration of gravity, and
, for the Pendubot in [12] , w 1 = 0, w 2 = 1, for the DDA in [13] ,
Regarding the DDA in [15] , the relative angle of links 1 and 2, that is, q 2 , is actuated. While regarding the RDA in [15] , since its link 2 is remotely driven by an actuator mounted at a fixed base through a belt, the angle of link 2 with respect to the Y-axis, that is, q 1 + q 2 , is actuated via the timing belt [15] .
Existing Results of Stable Stabilizing Controllers for the Pendubot and the DDA
We recall existing results for the Pendubot and the DDA in [11] . To study the existence of a stable stabilizing controller for the robot in (1) at the UEP by using Lemma 1, with τ being the input, we take the following output to obtain P(s) in Fig. 1 :
where l r is the adjustable parameter. Note that −y is the xcoordinate of point R on link 2 or its extended line shown in Fig. 2 . Here, l r > 0, l r = 0, and l r < 0 mean that point R is on the positive direction of link 2, joint 2, and the opposite direction of link 2, respectively.
Define the state x = q 1 , q 2 ,q 1 ,q 2 T and control input u = τ. The state-space representation of the linearized model of the robot in (1) with output y in (8) around the UEP x = 0 is
where
which can be verified directly using (6) . For the plant P(s) in Fig. 1 with its state-space representation in (9) , to stabilize x = 0, we need to take r = 0. Since (A, B) is controllable for the Pendubot shown in [2] and for the DDA shown in [18] , there exists a stabilizing controller
if and only if (C, A) is observable. Computing the observability matrix U o yields
Thus, (C, A) is observable if and only if |U o | 0, that is,
with
Note that
Note that P(s) has four poles ±p 1 and ±p 2 , where
Note that p 1 and p 2 are real since
Below we analyze the zeros of P(s) in (20). If η = 0, then P(s) has four infinite zeros. If η 0, then P(s) has two finite zeros ±z and two infinite zeros, where
Therefore, the zeros of P(s) depend on the parameter l r . We recall the following results:
The linearized model of the robot at the UEP described by P(s) in (20) is strongly stabilizable if l r in (12) satisfies
where d 1 and d 2 are defined in (17) and (18), respectively.
In this paper, K i (s) denotes a controller with order i. The following lemma is about the design of stable stabilizing controllers.
LEMMA 3 [11] Consider the linearized model of the robot at the UEP described by P(s) in (20) . If the finite zero z in (25) of
then
is a stable stabilizing controller for P(s). In this case, (28) holds if and only if parameter l r in (12) satisfies
Remark 1 Using Lemma 2, we depict the ranges of existence of stable stabilizing controllers on l r for the Pendubot with (w 1 , w 2 ) = (1, 0), the DDA with (w 1 , w 2 ) = (0, 1) in Fig. 3 . From Fig. 3 , it is a natural question whether there exists a stable stabilizing controller for the RDA (w 1 = 1, w 2 = 1) with output (9) under an appropriate condition on l r . If the answer to such a question is positive, can we synthesize a reduced-order stable stabilizing controller for the RDA as we achieved for the Pendubot and the DDA? If the answer to such a question is negative, can we find a different output to study the existence of stable stabilizing controllers for the RDA? All these questions motivated the study in this paper. 
Existence and Design of Stable Controllers for Stabilizing RDA
For the RDA, the controllability of RDA at the UEP is shown in [15] by checking the controllability matrix U c = B, AB, A 2 B, A 3 B with A in (10) and B in (11) with
Below we study whether there exists l r such that the plant (9) is strongly stabilizable. Using w 1 = w 2 = 1 yields that η in (21) and δ in (22) are
respectively. We obtain the following result:
Theorem 1
The linearized model of the RDA at the UEP described by P(s) in (20) with η in (21) and δ in (22) is strongly stabilizable if l r in (12) satisfies
We need the following lemma to prove Theorem 1.
LEMMA 4
The parameters α 1 , α 2 , α 3 , β 1 , β 2 in (6), and the poles of P(s) (±p 1 and ±p 2 ) in (23) and (24) satisfy
and d 1 in (17) and d 2 in (18) satisfy
respectively.
Proof. Putting (23) into (37) shows that (37) is equivalent to
where Γ and Δ are defined in (19) and (13), respectively. Putting (24) into (38) shows that (38) is equivalent to
Since Φ r > 0, to show (41) and (43), it suffices to show Φ 
To show (39), we just need to eliminate the term containing √ Γ in the denominator of the right-hand side term of (39) described below. By multiplying 2β 1 Δ − α 1 (α 1 β 2 + α 2 β 1 ) − α 1 √ Γ to the denominator and numerator to the right-hand side term of (39) and by comparing d 1 in (17), we show directly (39). Similarly, by multiplying −2β 1 Δ + α 1 (α 1 β 2 + α 2 β 1 ) − α 1 √ Γ to the denominator and numerator to the right-hand side term of (40) and by comparing d 2 in (18), we show directly (40). (20) for the RDA has two positive poles p 1 and p 2 satisfying 0 < p 1 < p 2 and has at most one positive finite zero z in (25) and at least two infinite zeros, from Lemma 1, P(s) is not strongly stabilizable if and only if p 1 ≤ z ≤ p 2 which is equivalent to
Proof of Theorem 1: Since P(s) in
Thus, it suffices to prove that (45) is equivalent to
From (34) and (35), we have
thus,
Below we analyze the case when l r < 0 or l r > α 3 l 1 /α 1 holds. First, if l r < 0, then η < 0 from (34). Thus, (45) is equivalent to
This yields
Using α 1 p 2 1 − β 1 < 0 in (37) and d 1 in (39), from (51), we have
Using α 1 p 2 2 − β 1 > 0 in (38), we know that (52) is satisfied if l r < 0. Thus, if l r < 0, then (50) holds if and only if (53) holds.
Next, if l r > α 3 l 1 /α 1 , then η > 0 from (34). We see that (45) is equivalent to
This yields 
From (40) We present another main result of this paper. 
Proof. We just need to prove that if the finite zero z in (25) of P(s) satisfies (28), then K 2 (s) in (30) is a stable stabilizing controller for P(s) corresponding to the RDA. We omit such a proof since it is the same as that for the Pendubot or the DDA in [11] .
We analyze 0 < z < z a in (28) for the RDA. Regarding z in (25), from the condition of z > 0 in (49), below we consider the case of l r < 0 or l r > α 3 l 1 /α 1 .
First, if l r < 0, then η < 0 from (34). Thus, (28) is equivalent to ηz 2 a < δ < 0. This yields
Using z a < p 1 and (37), we have
Thus, (60) is equivalent to (58) with d r > 0 in (59). Second, if l r > α 3 l 1 /α 1 , then η > 0 from (34). We see that (28) is equivalent to 0 < δ < ηz Remark 2 Theorem 1 shows the existence of stable stabilizing controllers for the RDA with output (9) under the same condition on l r as that for the DDA. This is somewhat surprising to us not only due to the fact mentioned in Remark 1, but also due to the fact that the DDA and the RDA belong to two different classes of underactuated mechanical systems shown in [15] . This is a theoretical finding. Theorem 2 shows the existence of a second-order stable stabilizing controllers for the RDA with output (9) under a different condition on l r in comparison with that for the DDA. The difference of the proofs for Theorems 1 and 2 for the RDA and those of the DDA is technical; however, the proofs of Theorems 1 and 2 are not obvious. Indeed, the two inequalities about the mechanical parameters of the two-link planar robot in Lemma 4 are new results and they are crucial to prove Theorems 1 and 2.
This yields
l r > 0, (α 1 z 2 a − β 1 )l r > α 3 l 1 z
Discussion
For numerical comparison with the second-order stable stabilizing controller in (30) in the next section, first, we apply the method in [10] to P(s) in (20) to obtain a third-order stable stabilizing controller, and second, we recall the result of the observer-based stabilizing controller from [16] .
First, we rewrite a strongly stabilizable P(s) in (20) as
where Δ, p 1 , p 2 , z, and η are defined in (13), (23), (24), (25), and (34), respectively. Since P(s) is strongly stabilizable, we have p 1 < z < p 2 . Since P(s) in (62) has one positive zero at z and two infinite zeros, we can apply the procedure in Theorem 1 of [10] to design a third-order stable stabilizing controller for P(s). We rewrite P(s) = N(s)/D(s) with N(s) and D(s) coprime.
We choose two parameters a 1 and a 2 such that
where || · || ∞ denotes the H ∞ -norm [16] and
Using the equation (20) in [10] , we obtain the following controller for P(s):
It is worth pointing out that one does not need (28) for obtaining the controller K 3 (s) in (68). For ease of implementation, it is understood that the second-order controller K 2 (s) in (30) which requires condition (28) on z is still simpler. Note that finite zeros of K 2 (s) are −p 1 and −p 2 , but finite zeros of K 3 (s) are −p 1 , −p 2 , and p 1 p 2 /z. This means that K 2 (s) is minimum phase, but K 3 (s) is not minimum phase.
Second, for the RDA, since the angle of each link is measured with respect to vertical, that is, q 1 and q 1 + q 2 are measurable, we choose the output
The state-space realization and the transfer function of a conventional observer-based stabilizing controller K 4 (s) [16] are
and
respectively, where F and L are matrices such that A − BF and A − LC o are stable. However, K 4 (s) may be unstable since A − BF − LC 0 is not necessarily stable.
Simulation Results
The validity of the developed theoretical results was verified via numerical simulation investigation about the RDA in [15] (Fig. 4) . Indeed, link 2 is driven by a servo motor mounted on a pedestal via a timing belt. The ratio of two pulleys is 1 : 1. The servo motor (Mitsubishi, HC-SFS81B) and servo Table 1 . Using the formulae of mechanical parameters in (6) with the gravity acceleration g = 9.80 m/s 2 yields ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ α 1 = 0.1350, α 2 = 0.1078, α 3 = 0.0917,
Note that all simulation investigations were carried out for the RDA in (1) rather than the linearized plant (9).
Three Stabilizing Controllers
First, from (17), (18), and (59), we obtain
From (36), we know P(s) for the RDA with −0.2091 < l r < 0.2773 is strongly stabilizable. For l r satisfying (58), that is, −0.0758 < l r < 0, we can obtain a second-order stable stabilizing controller by using (30). Choose l r = −0.02, using P(s) in (20) 
Since there are two positive poles p 1 = 4.176 and p 2 = 11.4 between positive zero z = 1.754 and ∞, according to Lemma 1, P(s) in (75) is strongly stabilizable. Using (28) and z < z a = 3.0563, we obtain the following second-order stable controller from (30): 
Comparison of Controllers
Below we compared the three controllers K 2 (s) in (76), K 3 (s) in (77), and K 4 (s) in (78) without any disturbance, or with unmodelled friction disturbance described by
which is added to the left-hand side of (1). Different from [11] , we carried out a detailed investigation of the attractive region of each controller. Indeed, to obtain the attractive region of the UEP of the RDA under each controller, we tookq 1 (0) = q 2 (0) = 0 and we swept q i (0) (i = 1, 2) in −4 ≤ q i (0) ≤ 4 with an incremental of 0.01 to check whether the stabilization of the RDA around the UEP is successful under each controller. First, the attractive regions of the three controllers without any disturbance are shown in Fig. 5 . From Fig. 5 , we can see that the attractive region of K 2 (s) in (76) is the largest one, while that of K 3 (s) in (77) is the smallest one.
Second, the attractive regions of the three controllers having unmodelled friction disturbance (79) with μ 1 = 0.04 N s/rad and μ 2 = 0.04 N s/rad are shown in Fig. 6 . From Fig. 6 , we can see that the attractive region of K 2 (s) in (76) is the largest one, while that of K 4 (s) in (78) is the smallest one. Moreover, in comparison with Fig. 5 , under unmodelled friction disturbance (79), the attractive region of unstable stabilizing controller K 4 (s) in (78) shrinks considerably, while the attractive regions of K 2 (s) in (76) and K 3 (s) in (77) are not reduced considerably. Therefore, regarding the ability against unmodelled friction dynamics (79), the stable stabilizing controllers K 2 (s) in (76) and K 3 (s) in (77) are superior to the unstable stabilizing controller K 4 (s) in (78) for the initial states we investigated. From our simulation results, we claimed that K 2 (s) in (76) has the best control performance among the three controllers without any disturbance or with unmodelled friction disturbance (79).
Conclusion
This paper concerned the existence and design of stable stabilizing controllers for the RDA when only the angle of each link is measurable. First, this paper proved that stable controllers exist for a local stabilization of the UEP of the RDA by using the same output with an adjustable parameter as that in [11] for the Pendubot and the DDA. We showed the range of the adjustable parameter for the existence of the stable controllers for the RDA is the same as that of the DDA. Second, we presented a second-order (reduced-order) stable controller for locally stabilizing the UEP of the RDA by choosing the adjustable parameter; and we showed that the range of adjustable parameter for the RDA is different from that of the DDA, and we also provided a third-order stable stabilizing controller. We presented the simulation results for a RDA to validate the theoretical results. Among the three controllers studied in this paper, simulation results showed that the presented second-order stable stabilizing controller is the best from the perspectives of the attractive region for the local stabilization and the ability against the unmodelled friction dynamics.
